Abstract. We show that on a finite set there are at most countably many constantive clones that contain a Mal'cev operation, and each such clone can be described by a single finitary relation. Thus, modulo polynomial equivalence and renaming of the elements, there are only countably many finite algebras that contain a Mal'cev term.
Introduction
Following [8] , an algebra A is a pair A, F , where A is a non-empty set and F , the set of fundamental operations of A, is a subset of O(A) := {A ℵ 0 subsets, and hence there are 2 ℵ 0 different algebras on A. However, we will take the view that two algebras can be considered equivalent if the same operations can be built from their fundamental operations. One concept to describe such an equivalence is the notion of polynomial equivalence from universal algebra [14] . In particular, two algebras A 1 = A, F and A 2 = A, G defined on the same base set are polynomially equivalent if they have the same clone of polynomial operations. On a two-element set, there are exactly 7 polynomially inequivalent algebras. However, by [1] , if A is finite and |A| ≥ 3, then there are 2 ℵ 0 polynomially inequivalent algebras on A. In this paper, we restrict our attention to algebras with a Mal'cev term (Mal'cev algebras for short). By [6, Theorem 12.2] these are exactly the algebras that generate congruence permutable varieties. Among those algebras are all finite algebras that have a quasigroup operation among their binary term functions, and all groups and rings. In [9] , P. Idziak proved that on a finite set A, the number of polynomially inequivalent Mal'cev algebras is finite if and only if |A| ≤ 3, and he asks whether this number can be uncountable for a finite A (cf. [5, Problem 8] ). For certain algebras, it is known that they have only finitely many polynomially inequivalent expansions. Among such algebras are all groups of squarefree order [11] and, using results on polynomial completeness [10] , for example, all finite Mal'cev algebras omitting type 2 in the sense of Tame Congruence Theory [8] .
These questions have also often been stated using the language of clone theory [16, 17, 14] . A clone on a set A is a set of finitary operations on A that contains all projection operations p( 
Constantive Mal'cev clones are exactly those sets that arise as the sets of polynomial operations of some Mal'cev algebra; therefore, often "polynomial clone" is used instead of "constantive clone". Now, the exact wording of Problem 8 in [5] is: Does there exist a finite set with uncountably many polynomial Mal'cev clones? Such a set cannot exist if every constantive Mal'cev clone on a finite set has some "finite representation". It follows from [9] that there are constantive Mal'cev clones that cannot be generated by finitely many operations. However, [16] provides a representation of clones on finite sets through their finitary invariant relations, and it has indeed been shown for many classes of constantive Mal'cev clones that they can be described by finitely many of these relations (they are, in short, finitely related ). For example, the clone of polynomial functions has been shown to be finitely related for the following algebras: all finite groups, all of whose Sylow subgroups are abelian, and all finite commutative rings with 1 [12] ; all Mal'cev algebras with congruence lattice of height at most 2 and all supernilpotent Mal'cev algebras [2] ; and all expansions of groups of order p 2 (p a prime) [4] . Many of the results in these papers provide concrete bounds for the arity of the relations that determine polynomials.
In 2006, P. Idziak expressed the conjecture that every constantive Mal'cev clone is finitely related. In the present paper, we prove this conjecture by showing that there is no infinite descending chain of constantive Mal'cev clones on a finite set. Hence, every constantive Mal'cev clone is finitely related, and therefore, on a finite set, there exist at most ℵ 0 constantive Mal'cev clones. This also provides a partial answer to Problem 5.6 in [13] , which asks whether there exists a Mal'cev operation on a finite set that is contained in uncountably many clones.
Preliminaries from order theory
Let A = A, ≤ be a partially ordered set. We say that A satisfies the descending chain condition (DCC) if there is no infinite descending chain a 1 > a 2 > a 3 > . . .; A satisfies the ascending chain condition (ACC) if there is no infinite ascending chain a 1 < a 2 < a 3 < . . .. A subset I of A is an upward closed subset if for all a ∈ I and b ∈ A with a ≤ b, we have b ∈ I. The set of all upward closed subsets of A is denoted by U(A).
For a set B, let B + := {B n | | | n ∈ N} be the set of all words over the alphabet B. For x = (x 1 , . . . , x m ) and y = (y 1 , . . . , y n ) in B + , we say that x can be embedded into y, denoted by x ≤ e y, if there are
We will use the following fact (Higman's Theorem) about this ordering. 
Mal'cev algebras
For the notions of algebra and clone, we refer to the introductory Chapter 0 of [8] . A ternary operation d on a set A is called a Mal'cev operation if d(a, a, b) =  d(b, a, a) = b for all a, b ∈ A. We call an algebra a Mal'cev algebra if it has a Mal'cev operation among its ternary term functions. A clone is called a Mal'cev clone if it has a Mal'cev operation among its ternary operations. A clone on the set A is called constantive if it contains all unary constant operations on A. For a clone C and n ∈ N, we denote the set of its n-ary operations by C [n] . Let A be a Mal'cev algebra, let m ∈ N, and let F be a subuniverse of A m . For i ∈ {1, . . . , m}, we define the relation ϕ i (F ) on A by 
Proof. For each k ∈ {1, . . . , m}, let
We will now prove by induction on k that for all k ∈ {1, . . . , m}, we have G k ⊆ F k . For k = 1, let (g 1 ) ∈ G 1 . Then we have (g 1 , g 1 ) ∈ ϕ 1 (G), and thus, by assumption, (g 1 , g 1 ) ∈ ϕ 1 (F ). This implies that there is (f 1 , . . . , f m ) ∈ F with and thus (g 1 , . . . , g k−1 , g k ) ∈ F k . This completes the induction step.
Therefore, we have G m ⊆ F m , which means G ⊆ F .
Let b ∈ N, and let A := {1, . . . , b}. For n ∈ N, we use the lexicographic ordering ≤ lex on A n that is defined by
Constantive clones
Let C be a clone on A = {1, . . . , b}. For n ∈ N and x ∈ A n , we define a binary relation ϕ(C, x) on A by Proof. Let (a, b) ∈ ϕ(C, y). Then there are f, g ∈ C [n] such that a = f (y), b = g(y), and f (z) = g(z) for all z ∈ A n with z ≤ lex y, z = y. Since x ≤ e y, there are
Now we define functions f 1 and g 1 from A m to A by
Since C is constantive, both f 1 and g 1 are elements of C.
We will now show that (f 1 (x), g 1 (x)) is an element of ϕ(C, x). To this end, let z ∈ A m be such that z ≤ lex x, z = x. Then we have
Since z ≤ lex x, we see that
Hence, since z = x, we have
From this, we obtain ( Proof. Let x ∈ Ψ(C, α), and let y ∈ A + such that x ≤ e y. Since x ∈ Ψ(C, α), we have ϕ(C, x) ⊆ α. By Lemma 4.1, we have ϕ(C, y) ⊆ ϕ(C, x). Therefore, ϕ(C, y) ⊆ α, and thus y ∈ Ψ(C, α). We will now prove that in this case, we have
To this end, we let n ∈ N and show that for all x ∈ A n ,
In order to prove (5.1), we fix x ∈ A n . We obviously have x ∈ Ψ(D, ϕ(D, x)). By the assumption (2) 
is injective, and for all C, D ∈ C with C ⊆ D, we have R(D) ≤ ≤ ≤ R(C).
For a finite set A and a set R of finitary relations on A, we will write Pol (A, R) for the set of those functions on A that preserve all relations in R (cf. [16] ). (3) Every finitary relation on the finite set A is a finite subset of the countable set A + . Hence the claim follows from (2).
Using [9] , we obtain that the number of constantive Mal'cev clones on a finite set A is finite if |A| ≤ 3, and ℵ 0 for |A| ≥ 4.
